Approximation of sets defined by polynomials with holomorphic
  coefficients by Bilski, Marcin
ar
X
iv
:0
71
2.
30
29
v1
  [
ma
th.
CV
]  
18
 D
ec
 20
07
Approximation of sets dened by
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Abstrat
Let X be an analyti set dened by polynomials whose oeients
a1, . . . , as are holomorphi funtions. We formulate onditions suh that
for all sequenes {a1,ν}, . . . , {as,ν} of holomorphi funtions onverging
loally uniformly to a1, . . . , as respetively the following holds true. If
a1,ν , . . . , as,ν satisfy the onditions then the sequene of the sets {Xν}
obtained by replaing aj 's by aj,ν 's in the polynomials, onverge to X.
Keywords Analyti set, Nash set, approximation
MSC (2000): 32C25
1 Introdution and main results
The problem of approximating analyti objets by simpler algebrai ones with
similar properties appears in many ontexts of omplex geometry and has
attrated the attention of several mathematiians (see [2℄, [3℄, [9℄, [10℄, [13℄,
[14℄, [15℄, [17℄, [22℄, [23℄, [24℄). In the present paper we onern the problem in
the ase where the approximated objets are omplex analyti sets whereas the
approximating ones are omplex Nash sets (see Setion 2.1). The approxima-
tion is expressed by means of the onvergene of holomorphi hains (for the
denition see Setion 2.2).
For sets with proper projetion the existene of suh approximation was
disussed in [5℄, [6℄. In a subsequent paper [7℄ it was proved that the order
of tangeny of a limit set and the approximating sets an be arbitrarily high.
The rst results on approximation of analyti sets by higher order tangent al-
gebrai varieties are due to R. W. Braun, R. Meise and B. A. Taylor [10℄ with
appliations in [11℄.
Both in [6℄ and in [7℄ analyti sets are represented as mappings dened on
an open subset of C
n
with values in an appropriate symmetri power of C
m.
However, in many ases suh sets are dened by systems of equations whih
in general arry more information than the sets themselves. Therefore it is
natural to look for approximations of the funtions appearing in the equations.
Throughout this paper we restrit our attention to the ase where the desription
is given by a system of polynomials with holomorphi oeients whereas the
1
M. Bilski: Institute of Mathematis, Jagiellonian University, Reymonta 4, 30-059 Kraków,
Poland. e-mail: Marin.Bilskiim.uj.edu.pl
Researh partially supported by the Polish Ministry of Siene and Higher Eduation.
1
approximated set is with proper projetion onto an appropriate ane spae.
Our aim is to show how to approximate the oeients of the polynomials to
obtain Nash approximations of the set.
If the number of the funtions desribing the analyti set X is equal to the
odimension of X then it is suient to take generi approximations of the
oeients in order to get loal uniform approximation of X. Suh approah
learly does not work in the ase of a non-omplete intersetion as it leads to
sets of dimensions stritly smaller than the dimension of X. Yet, it is natural
to expet that there are algebrai relations satised by the oeients suh
that if the approximating oeients also satisfy the relations then the original
polynomials with these new oeients dene appropriate approximations.
Before stating the main result let us reall that for any analyti set Y by
Y(n) we denote the union of all n-dimensional irreduible omponents of Y.
Let U ⊂ Cn be a domain. Abbreviate v = (v1, . . . , vp), z = (z1, . . . , zm).
Assuming the notation of Setion 2 and treating analyti sets as holomorphi
hains with omponents of multipliity one we prove
Theorem 1.1 Let q1, . . . , qs ∈ C[v, z], for some s ∈ N, and let H : U → Cp be
a holomorphi mapping. Assume that
X = {(x, z) ∈ U ×Cm : qi(H(x), z) = 0, i = 1, . . . , s}
is an analyti set of pure dimension n with proper projetion onto U. Then there
is an algebrai subvariety F of Cp with H(U) ⊂ F suh that for every sequene
{Hν : U → F} of holomorphi mappings onverging loally uniformly to H the
following holds. The sequene {Xν}, where
Xν = {(x, z) ∈ U ×C
m : qi(Hν(x), z) = 0, i = 1, . . . , s},
onverges to X loally uniformly and the sequene {(Xν)(n)} onverges to X in
the sense of holomorphi hains.
The following example shows that the sets from {Xν} are in general not
purely dimensional:
Example 1.2 Dene X = {(x, z) ∈ C2 : zxex = 0, z2 − zx = 0}. Then X =
{(x, z) ∈ C2 : z = 0}, therefore it is purely 1-dimensional. On the other hand,
C
2×{1} is the smallest algebrai set in C3 ontaining the image of the mapping
x 7→ (−x, xex, 1). By approximating this mapping by x 7→ (−x, (x− 1
ν
)ex, 1) one
obtains Xν = {(x, z) ∈ C2 : z(x−
1
ν
)ex = 0, z2− zx = 0} ontaining an isolated
point ( 1
ν
, 1
ν
).
Let U be a onneted Runge domain in Cn, let X be a purely n-dimen-
sional analyti subset of U×Cm with proper projetion onto U and letQ1, . . . , Qs
∈ O(U)[z], for some s ∈ N, satisfy
X = {(x, z) ∈ U ×Cm : Q1(x, z) = . . . = Qs(x, z) = 0}.
(An example of suh Q1, . . . , Qs are the anonial dening funtions for X see
[27℄, [12℄).)
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We hek that ombining Theorem 1.1 with one of results of L. Lempert
(Theorem 3.2 from [17℄, see Theorem 2.3 below) one obtains Nash approxima-
tions of X by approximating its holomorphi desription by a Nash desription.
(Let us mention that the proof of Theorem 2.3 is based on the armative so-
lution to the Artin's onjeture rst presented in [19℄, [20℄, see also [1℄, [18℄,
[21℄.)
Let H = (H1, . . . , Hs) denote the holomorphi mapping dened on U where,
for every j ∈ {1, . . . , s}, Hj is the mapping whose omponents are all the non-
zero oeients of the polynomial Qj ; by nj denote the number of these oef-
ients. More preisely, the omponents of Hj are indexed by m-tuples from
some nite set Sj ⊂ Nm in suh a way that the omponent indexed by a xed
(α1, . . . , αm) is the oeient standing at the monomial z
α1
1 · . . . · z
αm
m in Qj .
Let F be the intersetion of all algebrai subvarieties of C(
P
j nj)
ontaining
H(U) and let U˜ be any open relatively ompat subset of U. Then U˜ is ontained
in a polynomially onvex ompat subset of U hene by Theorem 2.3 there exists
a sequene {Hν : U˜ → F} of Nash mappings, Hν = (H1,ν , . . . , Hs,ν), suh that
{Hj,ν} onverges uniformly to Hj |U˜ , for every j = 1, . . . , s. Now let
Xν = {(x, z) ∈ U˜ ×C
m : Q1,ν(x, z) = . . . = Qs,ν(x, z) = 0},
where Qj,ν ∈ O(U˜)[z], for j = 1, . . . , s, is dened as follows. The oeient of
Qj,ν standing at the monomial z
α1
1 · . . . · z
αm
m is the omponent of Hj,ν indexed
by (α1, . . . , αm) (if (α1, . . . , αm) /∈ Sj then the oeient equals zero).
Finally, let q1, . . . , qs be the polynomials obtained from Q1, . . . , Qs by repla-
ing the holomorphi oeients of the latter polynomials by independent new
variables. It is easy to see that q1, . . . , qs together with the mapping H satisfy
the hypotheses of Theorem 1.1. Hene the sequene of Nash sets {(Xν)(n)},
where Xν dened in the previous paragraph, onverges to X ∩ (U˜ ×Cm) in the
sense of holomorphi hains. Thus we reover the main result of [6℄:
Corollary 1.3 Let X be a purely n-dimensional analyti subset of U × Cm
with proper projetion onto U. Then for every open set U˜ ⊂⊂ U there is a
sequene {Xν} of purely n-dimensional Nash subsets of U˜ ×Cm onverging to
X ∩ (U˜ ×Cm) in the sense of hains.
Every purely n-dimensional analyti set is loally with proper projetion onto
an open subset of an n-dimensional ane spae. Hene, by Corollary 1.3 every
analyti set an be loally approximated by Nash ones. This fat is derived in a
purely geometri way (without using Néron desingularization standing behind
Theorem 3.2) in [8℄.
Note that the onvergene of positive hains appearing in this paper is equiv-
alent to the onvergene of urrents of integration over the onsidered sets (see
[16℄, [12℄). The organization of this paper is as follows. In Setion 2 preliminary
material is presented whereas Setion 3 ontains the proof of Theorem 1.1.
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2 Preliminaries
2.1 Nash sets
Let Ω be an open subset of Cn and let f be a holomorphi funtion on Ω. We
say that f is a Nash funtion at x0 ∈ Ω if there exist an open neighborhood U
of x0 and a polynomial P : C
n ×C → C, P 6= 0, suh that P (x, f(x)) = 0 for
x ∈ U. A holomorphi funtion dened on Ω is said to be a Nash funtion if it
is a Nash funtion at every point of Ω. A holomorphi mapping dened on Ω
with values in C
N
is said to be a Nash mapping if eah of its omponents is a
Nash funtion.
A subset Y of an open set Ω ⊂ Cn is said to be a Nash subset of Ω if and
only if for every y0 ∈ Ω there exists a neighborhood U of y0 in Ω and there exist
Nash funtions f1, . . . , fs on U suh that
Y ∩ U = {x ∈ U : f1(x) = . . . = fs(x) = 0}.
The fat from [25℄ stated below explains the relation between Nash and
algebrai sets.
Theorem 2.1 Let X be an irreduible Nash subset of an open set Ω ⊂ Cn. Then
there exists an algebrai subset Y of Cn suh that X is an analyti irreduible
omponent of Y ∩Ω. Conversely, every analyti irreduible omponent of Y ∩Ω
is an irreduible Nash subset of Ω.
2.2 Convergene of losed sets and holomorphi hains
Let U be an open subset in Cm. By a holomorphi hain in U we mean the
formal sum A =
∑
j∈J αjCj , where αj 6= 0 for j ∈ J are integers and {Cj}j∈J is
a loally nite family of pairwise distint irreduible analyti subsets of U (see
[26℄, p. also [4℄, [12℄). The set
⋃
j∈J Cj is alled the support of A and is denoted
by |A| whereas the sets Cj are alled the omponents of A with multipliities
αj . The hain A is alled positive if αj > 0 for all j ∈ J. If all the omponents
of A have the same dimension n then A will be alled an n−hain.
Below we introdue the onvergene of holomorphi hains in U . To do this
we rst need the notion of the loal uniform onvergene of losed sets. Let
Y, Yν be losed subsets of U for ν ∈ N. We say that {Yν} onverges to Y loally
uniformly if:
(1l) for every a ∈ Y there exists a sequene {aν} suh that aν ∈ Yν and
aν → a in the standard topology of C
m,
(2l) for every ompat subset K of U suh that K ∩ Y = ∅ it holds K ∩ Yν = ∅
for almost all ν.
Then we write Yν → Y. For details onerning the topology of loal uniform
onvergene see [26℄.
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We say that a sequene {Zν} of positive n-hains onverges to a positive
n-hain Z if:
(1) |Zν | → |Z|,
(2) for eah regular point a of |Z| and eah submanifold T of U of dimension
m − n transversal to |Z| at a suh that T is ompat and |Z| ∩ T = {a},
we have deg(Zν · T ) = deg(Z · T ) for almost all ν.
Then we write Zν ֌ Z. (By Z · T we denote the intersetion produt of Z and
T (f. [26℄). Observe that the hains Zν · T and Z · T for suiently large ν
have nite supports and the degrees are well dened. Reall that for a hain
A =
∑d
j=1 αj{aj}, deg(A) =
∑d
j=1 αj).
The following lemma from [26℄ will be useful to us.
Lemma 2.2 Let n ∈ N and Z,Zν , for ν ∈ N, be positive n-hains. If |Zν | →
|Z| then the following onditions are equivalent:
(1) Zν ֌ Z,
(2) for eah point a from a given dense subset of Reg(|Z|) there exists a sub-
manifold T of U of dimension m − n transversal to |Z| at a suh that T
is ompat, |Z| ∩ T = {a} and deg(Zν · T ) = deg(Z · T ) for almost all ν.
2.3 Approximation of holomorphi mappings
In the proofs of Corollary 1.3 we use the following theorem whih is due to
L. Lempert (see [17℄, Theorem 3.2).
Theorem 2.3 Let K be a holomorphially onvex ompat subset of Cn and f :
K → Ck a holomorphi mapping that satises a system of equations Q(z, f(z)) =
0 for z ∈ K. Here Q is a Nash mapping from a neighborhood U ⊂ Cn ×Ck of
the graph of f into some Cq. Then f an be uniformly approximated by a Nash
mapping F : K → Ck satisfying Q(z, F (z)) = 0.
3 Proof of Theorem 1.1
Denote Bm(r) = {z ∈ Cm : ||z||Cm < r} and reall v = (v1, . . . , vp). Let U be a
domain in C
n. We prove the following
Proposition 3.1 Let q1, . . . , qs ∈ C[v, z], for some s ∈ N, and let H : U → Cp
be a holomorphi mapping. Assume that
X = {(x, z) ∈ U ×Cm : qi(H(x), z) = 0, i = 1, . . . , s}
is an analyti set of pure dimension n with proper projetion onto U. Then
there is an algebrai subvariety F of Cp with H(U) ⊂ F suh that for every
domain U˜ ⊂⊂ U and every sequene {Hν : U˜ → F} of holomorphi mappings
onverging uniformly to H on U˜ the following holds. There is r0 > 0 suh that
for every r > r0 the sequene {Xν}, where
Xν = {(x, z) ∈ U˜ ×Bm(r) : qi(Hν(x), z) = 0, i = 1, . . . , s},
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satises:
(1) Xν is n-dimensional with proper projetion onto U˜ for almost all ν,
(2) max{♯(X ∩ ({x} ×Cm)) : x ∈ U} =
max{♯((Xν)(n) ∩ ({x} ×C
m)) : x ∈ U˜} for almost all ν,
(3) {Xν}, {(Xν)(n)} onverge to X ∩ (U˜ ×C
m) loally uniformly.
Proof of Proposition 3.1. Dene the algebrai set
V = {(v, z) ∈ Cp ×Cm : qi(v, z) = 0, i = 1, . . . , s}.
Next, by F denote the intersetion of all algebrai subsets of Cp ontaining
the image of H. Clearly, F is irreduible (beause U is onneted) hene of
pure dimension, say n¯. Fix an open onneted subset U˜ ⊂⊂ U. In the following
lemma F is endowed with the topology indued by the standard topology of
C
p.
Lemma 3.2 Let r > 0 be suh that (U˜×Bm(r))∩X 6= ∅ and (U˜×∂Bm(r))∩X =
∅. Then there is an open neighborhood C of H(U˜) in F suh that (C×Bm(r))∩V
is n¯-dimensional with proper projetion onto C. Moreover, for every (a, z) ∈
(H(U˜)×Bm(r)) ∩ V it holds dim(a,z)((C ×Bm(r)) ∩ V ) = n¯.
Proof of Lemma 3.2. First we hek that there is an open neighborhood C of
H(U˜) in F suh that (C × ∂Bm(r)) ∩ V = ∅, whih implies the properness of
the projetion of (C ×Bm(r)) ∩ V onto C.
It is suient to show that for every a ∈ H(U˜) there is an open neighborhood
Ca in F suh that (Ca × ∂Bm(r)) ∩ V = ∅. Fix a ∈ H(U˜). Now, if for every
open neighborhood Ca of a we had (Ca× ∂Bm(r))∩V 6= ∅ then there would be
({a}×∂Bm(r))∩V 6= ∅. But then (U˜ ×∂Bm(r))∩X 6= ∅ as a ∈ H(U˜) ⊂ H(U˜),
a ontradition.
Let us show that dim(a,z)((C ×Bm(r)) ∩ V ) = n¯ for every (a, z) ∈ (H(U˜)×
Bm(r))∩V. First observe that dim((C×Bm(r))∩V ) annot exeed the dimension
of C beause (C×Bm(r))∩V is with proper projetion onto C. Next suppose that
there is (a, z) ∈ (H(U˜)×Bm(r)) ∩ V suh that dim(a,z)((C ×Bm(r)) ∩ V ) < n¯.
Let V1 be the union of the irreduible analyti omponents of (C ×Bm(r)) ∩ V
ontaining (a, z) and let π : Cp ×Cm → Cp denote the natural projetion. It
is easy to see that H−1(π(V1)) is a non-empty nowhere dense analyti subset
of H−1(C) (nowhere-density beause otherwise H(U) would be ontained in an
algebrai set of dimension smaller than n¯). Let P be a neighborhood of (a, z)
in C ×Bm(r) suh that P ∩ V = P ∩ V1 6= ∅. Now onsider the set
E = {(w, y) ∈ (U ×Bm(r)) ∩X : (H(w), y) ∈ P ∩ V }.
One observes that E 6= ∅, beause H−1({a}) × {z} ⊂ E, and that E has a
non-empty interior in X, and moreover, the projetion of E onto U is ontained
in H−1(π(V1)). This ontradits the fat that X is purely n-dimensional.
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Sine (U˜ × Bm(r)) ∩ X 6= ∅ then (H(U˜) × Bm(r)) ∩ V 6= ∅ so by what we
have proved so far (C ×Bm(r)) ∩ V is n¯-dimensional.
Proof of Proposition 3.1 (ontinuation). Let r0 > 0 be suh that (U˜×Bm(r0))∩
X = (U˜ × Cm) ∩ X and let r > r0. Then (U˜ × ∂Bm(r)) ∩ X = ∅ and by
Lemma 3.2, there is a neighborhood C of H(U˜) in F suh that (C×Bm(r))∩V
is n¯-dimensional with proper projetion onto C. Moreover, for every (a, z) ∈
(H(U˜)×Bm(r))∩V it holds dim(a,z)((C×Bm(r))∩V ) = n¯. Let {Hν : U˜ → F}
be a sequene of holomorphi mappings onverging uniformly to H on U˜ . Dene
the sequene {Xν} as in the statement of Proposition 3.1.
First we show (1): Xν is n-dimensional and with proper projetion onto U˜ for
almost all ν. To do this observe that for suiently large ν it holds Hν(U˜) ⊂ C
and then
Xν = {(x, z) ∈ U˜ ×Bm(r) : (Hν(x), z) ∈ (C ×Bm(r)) ∩ V }.
Thus the properness of the projetion of Xν onto U˜ is obvious by the hoie of
C in Lemma 3.2.
Now we hek the following laim: for suiently large ν every ber in Xν
over U˜ is not empty. Indeed, let C0 denote the irreduible Nash omponent
of C ontaining H(U˜). Then the projetion of (C0 × Bm(r)) ∩ V onto C0 is
surjetive whih follows by Lemma 3.2. On the other hand, for suiently
large ν, Hν(U˜) ⊂ C0 whih learly implies the laim. Consequently, Xν is
n-dimensional for almost all ν.
Let us turn to (2). Sine C0 is an irreduible Nash set then Reg(C0) is
onneted. There is a nowhere dense Nash subset C′ of C0 suh that the funtion
ρ : Reg(C0) \ C′ → N given by
ρ(v) = ♯(({v} ×Bm(r)) ∩ V )
is onstant. By m˜ we denote the only value of ρ.
Neither H(U˜) nor Hν(U˜) (for large ν) an be ontained in Sing(C0)∪C′ so
(H−1(Sing(C0) ∪ C′) ∪ H−1ν (Sing(C0) ∪ C
′)) ∩ U˜ is a nowhere dense analyti
subset of U˜ . This means that for the generi x ∈ U˜ the bers in X and in Xν
over x have m˜ elements whih ompletes the proof of (2).
Finally, let us prove (3). To hek the ondition (2l) of the denition of loal
uniform onvergene it is suient to show that for every (x0, z0) ∈ (U˜×Cm)\X
there is a neighborhood D of (x0, z0) in U˜×C
m
suh that D∩Xν = ∅ for almost
all ν. This is obvious as there is i ∈ {1, . . . , s} suh that qi(H(x0), z0) 6= 0. Then
qi(Hν(x0), z0) 6= 0 for almost all ν in some neighborhood of (x0, z0).
As for the ondition (1l), it sues to show that for a xed x0 ∈ U˜ \
H−1(Sing(C)) the sequene {({x0}×Cm)∩(Xν )(n)} onverges to ({x0}×C
m)∩
X loally uniformly. Take (x0, z0) ∈ X∩(U˜ ×Cm) = X∩(U˜ ×Bm(r)). Then by
Lemma 3.2 it holds dim(H(x0),z0)(C×Bm(r))∩V = dim(C). Consequently, (sine
H(x0) ∈ Reg(C) and (C ×Bm(r)) ∩ V is with proper projetion onto C) there
is a sequene {zν} onverging to z0 suh that dim(Hν(x0),zν)(C ×Bm(r)) ∩ V =
7
dim(C) for almost all ν. This implies that for suiently large ν, the image of
the projetion of every open neighborhood of (x0, zν) in Xν onto U˜ ontains a
neighborhood of x0 in U˜ . Thus (x0, zν) ∈ (Xν)(n) for almost all ν and the proof
is omplete.
Proof of Theorem 1.1 (end). Let F denote the intersetion of all algebrai
subvarieties of C
p
ontaining H(U) and let {Hν : U → F} be a sequene of
holomorphi mappings onverging loally uniformly to H. Dene Xν as in the
statement of Theorem 1.1.
It is suient to show that for every relatively ompat subset U˜ of U the
sequenes {Xν∩(U˜×Cm)} and {(Xν)(n)∩(U˜×C
m)} onverge to X∩(U˜×Cm)
loally uniformly and in the sense of holomorphi hains respetively. Fix
U˜ ⊂⊂ U. Then by Proposition 3.1 there is r0 suh that for every r > r0 the
following hold. {Xν ∩ (U˜ × Bm(r))} and {(Xν)(n) ∩ (U˜ × Bm(r))} onverge to
X∩ (U˜ ×Cm) loally uniformly. Moreover, for almost all ν, Xν ∩ (U˜ ×Bm(r)) is
n-dimensional with proper projetion onto U˜ and max{♯(X ∩ ({x}×Cm)) : x ∈
U˜} = max{♯((Xν)(n) ∩ ({x} × Bm(r))) : x ∈ U˜}. Thus by Lemma 2.2 we have:
{(Xν)(n)∩ (U˜ ×Bm(r))} onverges to X ∩ (U˜ ×C
m) in the sense of holomorphi
hains. Sine r an be taken arbitrarily large we get our laim.
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